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Design of Micro-Plates Subjected to Residual Stresses in
Microelectromechanical Systems (MEMS) Applications
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ABSTRACT
Microelectromechanical Systems (MEMS) devices suffer from reliability problems which affect its performance.
Fabrication processes initiate residual stresses that cause stress stiffening and curling. It is shown from the previous
research that reducing both stiffening and curling is a challenging issue. Analytical analysis for a fixed-fixed beam is
done to determine the factors affecting stiffening in rectangular cross-section beams. A new U-shaped cross-section
plate is proposed to decrease both stiffening and curling. The new U-shaped plate is compared with a reference flat
plate with the same bending stiffness, length, width, and material properties. To capture plate effects and biaxial
residual stress, Finite Element model is developed. Results showed better performance of the U-shaped plate than the
flat one. Curling and stiffening reduced by 72 and 42 %, respectively. Stiffness variation with temperature reduced by
43%, stabilizing the operational performance parameters such as pull-in voltage. Moreover, the critical buckling
temperature of the U-shaped plate is greater than that of the flat one by 27 ℃, extending the operational temperature
range of the plate. The fundamental natural frequency increased by 33%, due to the lower mass of the U-shaped plate.
In general, high switching time is considered as another reliability problem in MEMS devices. The increase in
fundamental natural frequency for U-shaped plate expects to reduce the switching time. The concept of U-shape plate
can be used in many MEMS applications such as resonators, Radio-frequency (RF) switches, pressure sensors, and
micromirrors in order to improve the reliability of these devices.
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MEMS. Cantilever beam curls easily and the nonsymmetric orientation of the beam affects its performance
Microelectromechanical systems (MEMS) commercial [1]. Goldsmith et al. [2] designed a fixed-fixed beam. This
emergence in the 1970s [1]. MEMS are used in diverse design is significantly fixed the performance problems of
applications such as pressure sensors, accelerometers, the cantilever beam, but it suffers from stress stiffening
mass flow sensors, micropumps, Radio-frequency (RF) due to the in-plane tension stress. Peroulis et al. [3]
switches…. etc. MEMS devices showed many advantages designed a rectangular plate anchored via four cantilever
over the large-scale counterparts. The main advantages springs. They proposed two methods to reduce curling.
are their lower cost and higher accuracy. These The first method is based on using different
microsystems consist of mechanical elements such as configurations of spring structure. The second method is
beams and plates. The fabrication processes initiate plane to use larger thickness of the rectangular plate. Both
direction due to the stress gradient across the thickness. methods reduce curling, but its value still significant.
Stress stiffening is the increase in stiffness due to in-plane Nieminen et al. [4] also used fixed-fixed beams and
residual tension stress in axially restrained beams and studied the effect of temperature change on the pull-in
plates. Stress stiffening increases the pull-in voltage voltage. They found that the pull-in voltage is increased
needed to actuate MEMS beams or plates.
with decreasing temperature, which affects the reliability
A lot of research is done on the mechanical design of of the device. Nieminen et al. [1] proposed a square plate
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design with linear slits to decrease stiffening. This design
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1. INTRODUCTION

Aluminum and Gold which affects the performance of the
device. Mahameed and Rebiez [8] made a new design of
thermal buckle beam design similar to Chevron thermal
actuator. The movable electrode plate is suspended by
several beams. The beams are inclined in the plane of the
movable electrode, when temperature changed, thermal
expansion or contraction induces in-plane displacement to
the plate, this release thermal and intrinsic stresses. To
decrease out of plane deflection due to stress gradient,
thickness is large compared to width. This large needed
thickness makes this design difficult to be achieved by
standard thin film processes, so electroplating is used.
Philippine et al. [9] used 2D topology optimization tool
to systematically generate designs aim to solve stress
stiffening and curling problems. The anchoring locations
are as in the design of Reines et al. [5], [6]. They made
four formulations and compared the results of these
formulations with Reines et al. design. The four
formulations are (1) minimize compliance, (2) minimize
curling, (3) minimize stress stiffening, (4) minimize stress
stiffening with constraint on curling. The same adverse
problem was found, the design of minimum curling
(formulation 2) has large stress stiffening, and the designs
of minimum stress stiffening showed a large value of
deflection due to stress gradient. Demirel et al.[10]
designed a plate with folded cantilever beam springs to
reduce in plane stresses. Bansal et el. used a frame as a
reinforcement to a plate for curling reduction[11].
This paper proposes a new design to reduce both
stiffening and curling. Analytical investigation is
presented in the next section to study the factors affecting
stiffening. U- shaped section design is studied. To capture
the plate effects, a Finite Element model is developed.

2. ANALYTICAL ANALYSIS

The governing differential equation of the deflection
shape of the beam [12]
𝐸𝐼

𝑑4 𝑤
𝑑2 𝑤
−
𝑃
=𝑞
𝑑𝑥 4
𝑑𝑥 2

where 𝐸 is the elasticity modulus, 𝐼 is second moment of
area, 𝑤 is the transverse deflection and 𝑞 is the distributed
force per unit length which is zero in our case. For the left
cantilever, the solution this differential equation is
𝑤(𝑥) = 𝑎1 cosh(𝛽𝑥) + 𝑎2 sinh(𝛽𝑥) + 𝑎3 𝑥 + 𝑎4

(2)
𝑃

where 𝑎1 , 𝑎2 ,𝑎3 , and 𝑎4 are constants, and 𝛽 equals √ .
𝐸𝐼

Applying boundary conditions
𝑤 (0) = 0

(3)

𝑑𝑤
(0) = 0
𝑑𝑥

(4)

This gives relations between the constants
𝑎4 = −𝑎1

(5)

𝑎3 = −𝑎2 𝛽

(6)

After substitution in (1), the equation becomes
𝑤(𝑥) = 𝑎1 [cosh(𝛽𝑥) − 1] + 𝑎2 [sinh(𝛽𝑥) − 𝛽𝑥]

(7)

The same equation for the right cantilever, but with
other constants
𝑤() = 𝑎1∗ [cosh(𝛽) − 1] + 𝑎2∗ [sinh(𝛽) − 𝛽]

(8)

where  = 𝐿 − 𝑥. Applying compatibility equations at the
junction between left and right cantilevers. The
deflections and the slopes at the free end of the left and
right cantilevers are the same

2.1. Exact Solution of Fixed-Fixed Beam Subjected
to Axial Tensile Force
Consider a fixed-fixed beam with length 𝐿 subjected to
an axial tensile force 𝑃 and a transverse concentrated
force 𝑄 at its mid-length as shown in Figure 1. The beam
is split into two cantilever beams as shown in, the left
cantilever with 𝑥 − 𝑧 axes, and the right cantilever with
 − 𝑧 axes.

𝑤1 = 𝑤2

(9)

𝑑𝑤1
𝑑𝑤2
=−
𝑑𝑥
𝑑

(10)

where 𝑤1 and 𝑤2 are the deflections at the free ends of the
left and right cantilevers, respectively. Considering
equilibrium equations in the vicinity of the junction.
Isolate a small element near the applied load 𝑄. Applying
moment and force equilibrium equations
𝑑2 𝑤1 𝑑2 𝑤2
=
𝑑𝑥 2
𝑑

Figure 1: a) fixed-fixed beam subjected to axial
tension force 𝑷 and out of plane force 𝑸 at midlength, b) the fixed-fixed beam is split into two
cantilever beams

(1)

𝑉1 + 𝑃

𝑑𝑤1
𝑑𝑤2
= 𝑉2 + 𝑃
+𝑄
𝑑𝑥
𝑑𝑥

(11)

(12)

where 𝑉 is the shear force. The force equilibrium equation
becomes
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(13)

Solving compatibility and equilibrium equations, the
stiffness at mid-length of the beam equals to
𝑘=

16𝐸𝐼𝐵3
sinh(𝐵)
[
]
𝐿3
2 − 2 cosh(𝐵) + 𝐵 sinh(𝐵)

(14)
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𝑃

2

𝐸𝐼

respectively. The thickness of the flat reference plate is 3
μm. In order to make a reasonable comparison, the
stiffness 𝑘1 of the U-shaped plate is kept the same as the
flat reference one. This is achieved by manipulating the
thickness of the base layer 𝑇 until reaching 𝑘1 of the flat
plate.
The plate material is Gold with Elasticity modulus 𝐸 =
45 GPa and Poisson’s ratio 𝜈 = 0.44.

where 𝐵 is a dimensionless variable equals √ .
It is difficult to understand the factors affects stiffness
from this exact formula, to get a better understanding,
Equation (14) is expressed using Taylor expansion as
𝑘=
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(15)

Neglecting higher order terms, the linearized model
stiffness is
𝑘=

192𝐸𝐼 4.8𝑃
+
𝐿3
𝐿

(16)

For rectangular cross-section with width 𝑊 and
thickness 𝑇, and subjected to residual stress 𝜎𝑟𝑒𝑠 the
stiffness is
𝑘=

16𝐸𝑊𝑇 3 4.8𝜎𝑟𝑒𝑠 𝑊𝑇
+
𝐿3
𝐿

Figure 2: U-shaped plate diagram with dimensions
(17)

The first term is the bending stiffness for fixed-fixed
beam without applying axial force 𝑘1 . The second one is
the increase in stiffness due to axial force 𝑘2 . For microbeams and plates, reduction of stiffening ratio 𝑘2 /𝑘1 is
desired to lessen the change in the actuation voltage due
to the residual axial stress. After the simplification of the
analytical model, factors affecting stiffening are obvious.
For the same beam material and length, reducing
stiffening ratio for rectangular cross-section can be
achieved by increasing thickness. Unfortunately,
increasing thickness is not suitable for surface
micromachining fabrication processes. Therefore, trying
new cross-sections other than rectangular one, may be
beneficial to reduce stiffening. U-shaped cross section is
proposed. The details of the design are shown in the next
section.
2.2. Plate Design
Figure 2 shows a diagram of the prismatic U-shaped
plate and its dimensions. The plate consists of a base layer
of thickness 𝑇 and two reinforcements at the ends each
with width 10 × 𝑇. Reinforcement height is chosen to be
2 × 𝑇 in order to make the plate fabrication suitable to
surface micromachining processes.
For the sake of
comparison, the overall length and width are the same of
that of a reference flat plate and equal to 250 and 150 μm,

Beam model stated in the last section cannot capture
plate behavior and the biaxial residual stresses. Thus,
Finite element (FE) model is developed. The details of the
FE model are elaborated in the next section.

3. FINITE ELEMENT (FE) MODEL OF
U-SHAPED PLATE
The evaluation of the performance of the U-Shaped plate
is done by a 3D FE model which is developed using
commercial software COMSOL Multiphysics. Curling,
stiffening, natural frequencies, and mode shapes are
simulated. The details of these computations are
elaborated in the following subsections.
3.1. Curling and Stiffening
Curling is computed by applying the variable stress
across the plate thickness. The applied stress gradient
equals to 10 𝐌𝐏𝐚/𝛍𝐦. The difference between maximum
and minimum deflections of the whole plate is considered
as the value of curling.
The plate is meshed by rectangular prism elements. The
maximum element size is 5 . The actuation area 𝑨𝒂𝒄
which is the middle third of the plate is subjected to a
pressure 𝒑. The effective stiffness of the plate is
calculated as
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𝑘=

𝑝 𝐴𝑎𝑐
𝑤𝑐

(18)

The stiffness 𝒌𝟏 is calculated by applying a pressure 𝒑

to the actuation area. In order to ignore the non-linear
effects, a small value of 𝒑 equals to 10 𝐍/𝐦𝟐 is applied.
To calculate 𝒌𝟐 , the total stiffness is calculated after
applying a biaxial stress of 60 𝐌𝐏𝐚. In addition, the
geometric non-linearity is taken into consideration in the
FE model to consider the coupling between the out of
plane deflection and the in-plane stress. Thus, the
stiffening ratio 𝒌𝟐 /𝒌𝟏 can be calculated.
3.2. Natural Frequencies
Natural frequencies and mode shapes are important
performance parameters in MEMS devices. In addition,
natural frequency is inversely proportional to the
switching time. High switching time is one of the main
drawbacks of MEMS devices as radiofrequency switch.
The first five natural frequencies and their mode shapes
are computed for both flat and U-shaped plates. Natural
frequencies simulations are done before and after
applying the residual stress.

4. RESULTS AND DISCUSSION
4.1. Curling and Stiffening
The stiffness 𝑘1 of the flat plate equals to 254 N/m. The
value of 𝑇 required for the U-shaped plate to give the
same stiffness is 1.75 μm. The same stiffness 𝑘1 is
achieved with lower thickness.
Significant reduction in curling and stiffening is found
in the new U-shaped plate. Curling is decreased from 352
nm for the flat plate to 73 nm for the U-shaped plate, i.e.
a reduction of more than 72 % is achieved. This is due to
the consolidation action of the reinforcements at the ends
of the plate.
The stiffening ratio 𝑘2 /𝑘1 of the flat and the U-shaped
plate are 1.48 and 0.85, respectively. The reason of this
stiffening ratio reduction is attributed to the decrease of
the cross-sectional area and thus, the decrease in the value
of the biaxial force.

Figure 3: Total stiffness versus operating
temperature for both flat and U-shaped plates
4.3. Natural Frequencies
Although both flat and U-shaped plates have the same
stiffness 𝑘1 , the values of the frequencies are different.
The fundamental natural frequencies of the flat and Ushaped plates are 82 and 109 kHz, respectively. This is
attributed to the lower mass of the U-shaped plate.
Natural frequency is inversely proportional to the
switching time [13]. This means that U-shaped plate have
another advantage which is lower switching time. Lower
switching time is needed in some applications as RF
switches. After applying the residual stresses, the values
of the fundamental natural frequencies changed to 148
and 153 kHz for flat and U-shaped plates. The total
stiffness of the flat plate after applying the residual
stresses is about 1.35 of the U-shaped one. This increases
the fundamental natural frequency of the flat plate. But
the increase is minor due to the lower mass of the Ushaped plate as mentioned before.
Figure 4 shows the first five mode shapes of flat and Ushaped plates. The first two mode shapes are similar in
both cases. Thereafter, some modes are delayed, and
some came earlier. This can be interpreted by the stiffer
behavior of the U-shaped plate resisting bending along the
length.

4.2. Effect of Operating Temperature on Stiffness
It is desirable to minimize the change in stiffness due to
the change in operating temperature for a reliable MEMS
device performance. This can positively stabilize other
important parameters such as pull-in voltage. Figure 3
shows the change of the total stiffness with temperature
for flat and U-shaped plate. the relation is linear related to
the axial force as in equation (16). The reduction in
stiffness for every 1 ℃ increase in operating temperature
for flat and U-shaped plates are 7.2 and 4.1 N/m℃. Thus,
U-shaped plate is more stable and reliable. In addition,
critical buckling temperature for the U-shaped plate is
higher than the flat one by 27 ℃ .

Figure 4: First five mode shapes with their natural
frequencies for a) flat and, b) U-shaped plates
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5. CONCLUSIONS
This work proposes a solution for the reliability problems
related to residual stresses of MEMS devices. To reduce
stiffening of beams with rectangular cross-sections,
thickness must be increased. Increasing thickness may be
not suitable surface micromachining fabrication
processes. Thus, plate design with U-shaped cross-section
is proposed. Results show better performance of the Ushaped plate than the flat one. Curling and stiffening
reduced by 72 and 42 %, respectively. Stiffness change
with temperature reduced, thus, stabilizing the operational
performance parameters such as pull-in voltage.
Moreover, the critical buckling temperature of the Ushaped plate is greater than that of the flat one, extending
the operational temperature range of the plate. The
fundamental natural frequency increased due to the lower
mass of the U-shaped plate. New cross-sections other than
U- shaped one can proposed for future work.
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